We use the numerical renormalization group to calculate the auxiliary spectral functions of the U = ∞ Anderson impurity model. The slave-boson and pseudo-fermion spectral functions diverge at the threshold with exponents α b and α f given by the X-ray photoemission and the X-ray absorption exponents respectively. In contrast to the NCA, the exact exponents obtained here depend on the impurity occupation number. In general, vertex corrections in the convolution formulae for physical Green's functions are singular at the threshold and may not be neglected in the Fermi liquid regime.
and finite temperature dynamics [8] . Despite this it is desirable to have an alternative way of reliably calculating dynamic properties of this model which is more easily generalized to lattice models. The slave-boson approach offers such a possibility. It has been studied within two different approximations. The first one is a mean-field theory of the bosons and the constraint field [9] . It appears to qualitatively describe the Fermi liquid behaviour at low temperatures known to exist in this model. However, it can not describe the smooth crossover to the free magnetic moment behaviour at high temperatures. The second one involves a self-consistent summation of perturbation theory and exact projection on the physical subspace known as the "non-crossing approximation" or NCA [10] . It is found to describe correctly the cross-over from the high-temperature to the low-temperature phase, except for the appearance of spurious non-analytic behaviour in the physical Green's functions below a characteristic temperature T N CA , where T N CA << T K , the Kondo temperature [11, 12] .
Within the NCA the auxiliary spectral functions for pseudo-fermions (f ) and slave-bosons In order to correctly describe the low-frequency behaviour in such models, a clear understanding of the infrared behaviour of the auxiliary spectral functions is essential. In this paper we address the question of the true behaviour of the auxiliary spectral functions at zero temperature and in the limit of frequency ω → E 0 and clarify the origin of the non-analyticities in the physical Green's functions within the NCA. We adapt Wilson's renormalization group method to the auxiliary particle problem and attempt to calculate the spectral functions numerically.
The Anderson model in auxiliary particle representation takes the form
where H c = kσ ǫ k c † kσ c kσ is the conduction electron kinetic energy and c 0σ = k c kσ anni-hilates a conduction electron with spin σ at the impurity site 0. Following Wilson [6] we (i) linearize the spectrum about the Fermi energy ǫ k → k, (ii) introduce a logarithmic mesh of k points k n = Λ −n and (iii) perform a unitary transformation of the c kσ such that c 0σ is the first operator in the new basis and H c takes the form of a tight-binding Hamiltonian in k-space,
with ξ n → (1 + Λ −1 )/2 for n >> 1. These steps are explained in detail in [6] and can be taken over for the present model without change.
The Hamiltonian (1) together with the discretized form of the kinetic energy (2) in the new basis is now diagonalized by the following iterative process: (i) one defines a sequence of finite size Hamiltonians H N by replacing
, each successive hopping may be considered as a perturbation on the previous Hamiltonian; (iii) the Hamiltonians H N are scaled such that the energy spacing remains the same. This defines a renormalization group 
where −λ is a chemical potential associated with the auxiliary particle number Q, Z GC (T, λ)
is the grand-canonical partition function and M O m,n =< Q + 1, m|O † |Q, n > with O = f σ , b are the many-body matrix elements for pseudo-fermions and slave-bosons respectively. We are interested in the zero temperature projected spectral functions A
Here |Φ 0 > is the groundstate of the Q = 0 subspace of non-interacting conduction electrons and |1, m > are the excited states of the Q = 1 subspace of the interacting system, E The results for the threshold exponents are shown in Fig. (2) as a function of n f , the local level occupancy at T = 0. The latter was calculated by evaluating n f (T ) from the partition function at a sequence of decreasing temperatures T N ∼ Λ −(N −1)/2 and then taking the limit T → 0. Remarkably these exponents turn out to be the usual photoemission and absorption exponents for the X-ray problem and are given in terms of the conduction electron phaseshift at the Fermi level, δ σ = δ σ (ǫ F ), by
where the last equations on the RHS of (5-6) follow from the Friedel sum rule, δ σ = π n f /2.
These results are clearly illustrated in Fig. (2) where the functions n f − n f /2 are plotted against n f together with the exponents α f,b deduced from the spectral functions.
The exponents α f,b agree with the RHS of (5-6) to 3 significant figures and are the same below and above the threshold,
The slave-boson exponent α b corresponds to the usual XPS exponent in the X-ray problem.
On the other hand the pseudo-fermion exponent α f takes the form of an absorption exponent in the X-ray problem. This is at first sight unexpected since we are dealing with singleparticle Green's functions in which the processes correspond to removing a particle from the system altogether. We attempt to give a qualitative explanation of this. Assuming, as is shown rigorously by the numerical results, that the threshold exponents are determined by the phase shifts we note that the removal of a slave-boson has no effect on the local electronic charge so the relevant phase shifts entering the XPS exponent are δ σ which are fixed by the Friedel sum rule. Hence the usual exponent,1
On the other hand the removal of a pseudo-fermion reduces the electronic charge by one. By charge neutrality the sum of phase shifts σ δ σ is reduced by π. Assuming, as in the usual X-ray problem [15] , that the total phase shift occurs in the channel σ in which a fermion is removed we have that 1
which leads to the exponent α f found numerically. We note that the same functional form of the exponents on the phase shift (5-6) is also found in the spinless model with constraint.
The single phase shift in this case is given by δ = πn f .
With the above results we can gain some insight into the role played by vertex corrections in the slave-boson method. These appear in Green's functions for slave-bosons, pseudofermions and in the convolution formulae for physical Green's functions. In general these are difficult to calculate within perturbative schemes but they may be estimated within the present non-perturbative approach. First we note that the above threshold exponents on the physical Green's functions we consider specifically the impurity Green's function
. This is given in terms of the projected auxiliary Green's functions, G f,b , by
where V (iω ν + iω, iω ν ) represents the renormalized vertex. The effect of vertex corrections can be seen by evaluating the impurity spectral density, ρ
low frequencies without vertex corrections, i.e. for V = 1. Using (5-7) in (8) gives
where B is the Beta function. Thus in the absence of vertex corrections the impurity spectral density diverges at the Fermi level as a power law |ω| 
